PROBLEMS

Individual Part

Problem A (Algebra & Combinatorics) [Proposed by Artur Michalak from Adam Mickiewicz University, Poznaﬁ]
Let n,m € N, m < n. Find the value of the sum

S (0)()

k=m

Problem C (Calculus & Mathematical Analysis) [Proposed by Marcin J. Zygmunt from University of

Silesia, Katowice (Poland)]

Does there exist a sequence (a,) of positive real numbers such that lim a, = 0, while the
n— oo

o= 1 .
series E e converges? If so, provide an example.
nltan
n=1

Problem E (Equations & Inequalities) [Proposed by Robert Skiba from Nicolaus Copernicus University in Toruri
(Poland)]
For any positive integer n, find all nonnegative integers (z,y) such that

x! +y!
n!

— 37L!

Problem G (Geometry & Linear Algebra) [Proposed by Pirmyrat Gurbanov & Murat Chashemov from Inter-

national University for the Humanities and Development (Turkmenistan)]

Let A, B € M, (R) be symmetric matrices such that
(AB+BA—A—-B-1,)= A’>B - 2ABA + BA%.
Find rank(A? + B?).

Problem P (Probablllty & Set Theory) [Proposed by Marcin J. Zygmunt from University of Silesia, Katowice
(Poland)]

Let n be a fixed positive integer. The random experiment involves repeatedly rolling a fair die
and recording the subsequent results until we get n consecutive ones. Calculate the expected
value of the total sum of points obtained. We assume the stochastic independence of rolls.

Team Part

Problem Al [Proposed by Pirmyrat Gurbanov & Murat Chashemov from International University for the Humanities and
Development (Turkmenistan)]

Let (R, +, ) be a commutative ring with identity and let I, J be ideals of R. If R is a Principal
Ideal Domain and R=1+ J ,provethat I-J=1INJ.

Remark
An ideal I of a commutative ring R is a subset I C R such that it is closed under addition, and
a-belforall ael and beR.

The product of two ideals I and J is by definition equal to

I-J= {Zak"b’f | ax€l, bpcJ, nGN}.

k=1

Problem A2 [Proposed by Robert Skiba from Nicolaus Copernicus University in Torun (Poland)]
Let G be a finite group that is not commutative. Show that

€ GXG :xy # yx}|

_ H(z.y)
P(G) = G x G|

3
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Problem C1 [Proposed by Marcin J. Zygmunt from University of Silesia, Katowice (Poland)]

=1
Does there exist a bijection f: N — N such that Z W e Q?
n=1

Problem C2 [Proposed by Robert Skiba from Nicolaus Copernicus University in Torun (Poland)]
Let Q = {z € C: —1 < Re 2z < 1} and S be the set of all analytic functions f:Q — C satisfying
|f(2)|< 1for all z € Q and f(0) = 0. Evaluate sup|f(:)|.

fes

Problem E1 [Proposed by Marcin J. Zygmunt from University of Silesia, Katowice (Poland)]

Find all positive = such that <;) +22 =2,

Problem E2 [Proposed by Thomas Ziircher from University of Silesia in Katowice (Poland)]
Are there noncontinuous functions f: (0, 00) — (0, 00) such that

@)
I@+9) = oy T 1)

for all z,y € (0,00) ?

Problem G1 [Proposed by Marcin J. Zygmunt from University of Silesia, Katowice (Poland)]
Triangle AABC can be fully covered by 2025 discs of diameter 2. Determine whether it can
be covered by 8100 discs of diameter 1.

Problem G.2 [Proposed by Leszek Pienigzek from Jagiellonian University, Krakéw (Poland)]

Let n > 2 and k < n be positive integers, and let U, V; C R™ be linear subspaces of dimensions
dimU = kand dimV; =n —1fori = 1,2,...,n respectively. Let M be the n xn matrix with
entries m;; = dim(V; + U) NV; +dim V; N U. Find all possible values of determinant det M.

Problem P.1 [Proposed by Marcin J. Zygmunt from University of Silesia, Katowice (Poland)]
n
Let & =1, and let 0, = E &k, where &, are chosen at random uniformly from [0, o,,_,] for all
k=0
n=12,....

Show that Z g—z converges with probability 1 and calculate its expected value.
n=0

Problem P2 [Proposed by Marcin J. Zygmunt from University of Silesia, Katowice (Poland)]

Dirk is exploring an abandoned mine. The tunnels form an infinite regular tree, in which
every node, including the root node that serves as the mine’s entrance, is of degree d, where
d > 2. He begins a random walk at the root node. Then, at each node, he chooses one of the d
available tunnels with equal probability, including the tunnel he used to arrive at that node.
He continues this process until he returns to his starting point at the root node, i.e. to the exit
from the mine.

What is the probability that Dirk will eventually return to his starting point in a finite number
of steps?




SOLUTIONS

Individual Part
Solution to the Problem A:
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Solution to the Problem C:
Yes, such a sequence exists. There are many simple examples of such sequences.

7 The convergence of the series does not depend on a finite number of first terms of its initial

2 Inl
terms, so we can define the sequence (a,) as a; = a2 = 1 and a,, = 111 nn_ 2log,,(Inn) for
nn

n = 3. So we have

nl-i—an _ ’I’L1+2 log,, Inn =n 1n2 n.

[ee]
By Cauchy’s Condensation Test the convergence of the series Z is equivalent to the

2

—nln’n
convergence of the series
S -
2 (o 250
= 2nIn"(2") A n?ln”2
so the series converges. O
o o

Solution to the Problem E:
Fix n and suppose (z,y) is a solution. Without loss of generality, assume

Tz < y.
Case 1: © < n. Equation (1) becomes
bt % - 3”;!71!' @
This implies
1+z—!!50 (mod 3).

Hence = < y, and moreover the factor g—: = (x+1)(x +2)---yis not divisible by 3. Thus in the
interval [z 4 1, y] no multiple of 3 can occur, forcing y < = + 2.
So there are two possibilities:

lL.y=xz+1,
2. y=x+2.

Subcase (a): y = « + 2. Then (2) gives

3" nl

z!

1+ (z+1)(x+2) = 3

The left-hand side is odd, so the right-hand side must also be odd. Hence n < = + 1.
—If n = z, then (3) becomes
2%+ 3z +3 =3

For z > 1, the left-hand side = 3 (mod 9), whereas 3 is divisible by 9 when !> 2. Contra-
diction.



—If n =2z + 1, then (3) gives
1+ (z+1)(x+2) =3z +1).

This forces . +1 | 1, hence = 0, so (z,y,n) = (0,2,1). By symmetry also (2,0, 1) is a solution.
Subcase (b): y = x + 1. Then (2) gives

3!yl

r+2=
z!

4)

If n # z, then the right-hand side is divisible by x + 1, while the left-hand side is congruent
to 1 modulo = + 1. Impossible. Thus n = z and we get

T+ 2=23".

The unique solution is = = 1, giving (1,2, 1), and by symmetry (2,1, 1).

So in Case 1 we obtain four solutions:
(0,2,1), (2,0,1), (1,2,1), (2,1,1).

Case 2: z > n.
Equation (1) becomes

DL g (5)
n!  n!

If x > n+ 2, then both ! /n! and y! /n! contain factors (n + 1)(n + 2), so the left-hand side
is divisible by both n + 1 and n + 2, while the right-hand side is a pure power of 3. This is
impossible, hence we must have x = n + 1.

Thus (5) becomes

y' n!
n+1+E=3'- (6)

Write M = (nii’l)‘ Then

(n+1)((n+1)M +1) = 3" (7

If y > n+4, then M is divisible by 3, hence (n+ 1)M + 1 is not a power of 3. Contradiction. So
y < n+ 3, giving three subcases.

* y=n+1: Then M = 1, and (7) gives (n + 1)(n + 2) = 3™, impossible.
* y=n-+2: Then M =n +2,s0(7) gives (n + 1)(n + 3) = 3™, also impossible.
* y=n+3: Then M = (n+ 2)(n + 3), so (7) gives

(n+1)((n+2)(n+3)+1) = 3"

If n = 3k — 1, this equals 9%(3k% + 3k +1). Since 3k +3k+1 =1 (mod 3), the right-hand
side cannot be a pure power of 3. Contradiction.

Thus Case 2 yields no solutions. The only solutions are

(z,y,n) €{(0,2,1),(2,0,1),(1,2,1),(2,1,1)}.

O
<. <>
Solution to the Problem G:

Define

S:=AB+BA—-A-B-1,.

Since A, B are symmetric, S is symmetric.
Taking trace both sides

Tr(SS*) = Tr(S%) = Tr(A’B — 2ABA + BA?) =0,

Thus S =0and AB+ BA= A+ B+ 1I,.



Now consider any = € R™:
zT(A? + B?)z = || Az|*+||Bz||*> 0.
Moreover, 27 (A? + B?)z = 0 if and only if Az = 0 and Bz = 0. Hence
ker(A% + B?) = ker A Nker B.
Suppose x € ker A Nker B. Then Az = 0 and Bz = 0, and using (1):
0= (AB+BA)x=(A+B+1)z=0+ux,

which gives © = 0. Therefore
ker(A? + B?) = {0}.

Thus A% + B? is invertible and
rank(A% + B?) = n.

O
o o
Solution to the Problem P:
We solve a much wider problem: Let a fair die has N faces with cg,c1,...,cy_1 points on

its faces and let a random process consists of repeatedly tossing it until n consecutive ¢y are
tossed. We will calculate the expected value of the total sum of points obtained.

Let E,, the expected value of the sum of points tossed until n consecutive cy-es are obtained.
We proceed by induction on n.

For the initial case let X}, the result of k-th throw and by NV — the total number of tosses until
first ¢y appears. We have X1,..., Xy_1 € {c1,...,en-1} and Xy = ¢, s0

c1+ - +cN_1

E(Xy+-+ Xy | N =k) = (k- )F—F—

Co -

The probability of P(N = k) can be calculated from Bernoulli’s process i.e., P(N = k) =
(N—1)F1

~+— hence

E1=)» E(Xi+ -+ Xy |N=kPN =k)
k=1

=t tenyog (k—1) (N —1)k? = (N — 1)kt
_Z N _1 ’ NEk +COZ
k=1 k=1
Gt ten-1 % Y

— 182 ’ ~ N-1

NN-1) (oA TN S A

=cp+c1+---+ceN-1,

Now let H,, denote a random variable equal to the sum of points tossed in the process where
n consecutive “cy”-es are obtained. To obtain n+1 consecutive “c;”-es we need first to have n
consecutive “cy”-es. The sum of tossed points during this part equals to the random variable
H,,. Then either with probability % the next “cy” appears (so the process stops and we have
the final sum H,, + ¢), or with the probability % we restart the process from the beginning,
remembering the number of points H,, plus those just tossed, that we have already counted.
Hence we get the equality

N -1

1 C +"'+C _ ~
Bt =E(H) = (B(H,) + o) + 2 (B(0,) 4+ )

N1+ E(Hn)
+oteyo1 N1
€o CN—-1

=E, + N N En—H ’

where H,,,, is a new random variable with the same distribution (and the same expected value)
as H,y; due to the independence of tosses. So finally E,..; = NE,, + (co + - + ¢y—1) . Solving
this simple recurrence gives

N -1

Ep=(N""T 4+ Nt 1(co+ - +enva) = o

(co+ - +cenva).



In our case, with N =6andcy+---+cy_1 =1+ ---+ 6 =21, we finaly get

21

E, 5

(6" —1).

Team Part

Solution to the Problem Al:
Let x € I-J. By definition of the product of ideals, we can write

n
Tr = E ak-bk,
k=1

where a;, € I and b, € J.

Since [ is an ideal, a; € I implies a;-b; € I (because ideals are closed under multiplication
with elements of R). Similarly, J is an ideal, so b;, € J implies a;-b; € J.

Thus, a b, € I N J for all k. Since I N J is closed under addition, it follows that

n

z:Zak-bk elnd
k=1

Therefore, I-J C I N J.

LetteINJ. Thente I andt € J.

Since R is a PID, the ideals I and J are principal. Let I = (a) and J = (b) for some a,b € R.
This means every element of [ is of the form r-a for some r € R, and every element of .J is of
the form s-b for some s € R.

The condition R = I + J implies that there exist « € I and v € J such that

1l=u+w.
Since u € I and v € J, we can write u = r-a and v = s-b for some r, s € R. Hence,
1=7r-a+s-b.
Now, consider t € I N J. Since t € I, we can write t = t-1. Substituting 1 = r-a + s-b gives
t=t-(r-a+sb)=(tr)a+(ts)b.

The term (¢-r)-a € I-J because t-r € J and a € I. Similarly, (¢-s)-b € I-J because ¢t-s € I and
beJ.

Thus, t € I-J, and it follows that INJ C I-J.

Since IJ C INJand INJ C IJ, we conclude that

I-J=1In.J.
O
o o
Solution to the Problem A2:
Note first that

{(z,y) € G x G :zy # ba}|= |G|2—\{(x,y) €GxG:ay=yx}.
So it suffices to bound from above

H(z,y) € G x G : vy = yx}|
|G[? '

Let
Colx)={yeG:axy=yz}, Z(G)={reG:axy=yxforallyec G}.

For a non-abelian group G, we use the following standard facts (with proofs for completeness):



e If x ¢ Z(G), then |G : Cg(x)|> 2, hence |Cg(x)|< |G|/2. Consider the conjugation
action of G on itself: g-x = gyg~!. The stabilizer of z is exactly C (), while the orbit is
the conjugacy class Cl(z) = {gzg~"' : g € G}. By the orbit—stabilizer formula,

|Cl(z)|= |G : Ca(z)].

If a ¢ Z(G), there exists g € G with gz # zg, so grg~! # z and |Cl(z)|> 2. Hence
|G : Cq(x)|> 2,ie. |Cq(z)|< |G|/2.

* Since G is non-abelian, G/Z(G) is not cyclic; in particular |G : Z(G)|> 4. Suppose
for contradiction that G/Z(G) is cyclic, say G/Z(G) = (9Z(G)). Then every x € G can be
written x = z¢g* with some 2z € Z(G) and k € Z. For arbitrary = = 219’ and y = 2,9’ we
get

vy = 21209 o

= 22219 =y,

because z1, 2> are central and powers of ¢ commute. Thus G would be abelian, a contra-
diction. Therefore G/Z(G) is not cyclic. Since every group of order 1,2, 3 is cyclic, we
must have |G : Z(G)|¢ {1,2,3}, hence |G : Z(G)|> 4, i.e. |Z(G)|/|G|< 1/4.

Moreover,

{(z,y) € GXG:ay=yz}| _ |2Z|CG

2
|G| acG

WOZ( MG Y [Calw))

2EG\Z(G)

Ca()]
|(Z< I+ Y |%| )

1G] ¢ Z(QG)

A
Qf-
G

N~ N~

IN

A/H\
+
Q
N—

Therefore,

€ G xG:zy=yzx}
GI?

) —1- @)

<. <

Solution to the Problem C1:
The answer is affermative. See for instance the function

2, for n = 1;
f(n)=<¢n+2, forevenn;
n—2, foroddn > 1.

We will show that f satisfies problem’s condition. Indeed

o0

2w :ﬁ+k§2k 2k+2 +k§ ok + 1) Qk—l)

> /1 1 1 1 1
Z(k_k+1)+22<2k1 2k+1)
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Solution to the Problem C2:
A standard tool is the following

Schwarz Lemma
If F : D — D is holomorphic with F(0) = 0, then |F(w)|< |w| for all w € D.
We map 2 onto the unit disk. Define
g2) =¥ hw)=""0 p=hog
9 w—+ 17
m,.T
For z = z + 4y with —1 < z < 1, we have g(z) = e 2 ’ 2y, which lies in the right half-plane
{w : Re w > 0}. The map h(w) = g—;} sends the right half-plane onto the unit disk D. Indeed,
if w = z + iy then

h(w)|<1 <= |[w—-1<|w+1ll<= (z—-1)*+9y?* < (z+1)*+y* <= x>0,

1
so Re w > 0 corresponds exactly to |h(w)|< 1. Moreover h=1(z) = 1 t z shows bijectivity.

Thus ¢ : Q — D is a map with ©(0) = 0. For any f € S, define F = fop~! : D — D. Then
F(0) =0, so by Schwarz’ lemma,

|F(w)|< |w|, weD.

In particular,
[f (&)= [F(e(2)I< lo(2)], z€Q.

Therefore

Finally, compute:

™
i - t—1 1t
= 2 = 2 = = = = ——
g(i)=e e t, (i) = h(t) = T 1
So p
. 1—e™ ™ s
[e(il= §omen = tanh ().
Answer:

§22|f(z)|: tanh(%) .

The supremum is attained by the extremal functions f(z) = e??y(z), 0 € R.

<& <&

Solution to the Problem E1:
Direct calculation shows that x = 5 is a solution. Indeed,

@) -

2 2 2 T2 T

1 xr
To prove that this solution is unique, we shall show that the function f(z) = (2> + 2% is

strictly increasing for all = > 0. The derivative of f is equal to

, N 1 1 1\° 1
= () Mot == () M2+ ——
J@) <2 RIS 3) Mo

so the function f is strictly increasing if f/(z) > 0 for all > 0. This condition is equivalent to
the inequality
! > oy In2
oz~ \z) "M%

8




which can be rearranged as
1>z 2% In2. (26.1)

Since the right-hand side of (26.1) is positive for = > 0, we may prove the inequality by showing
that the square of the right-hand side is always less than 1.
Let

g(z) = (Vo 2'7" 1112)2 =247 (In2)%

We note that both 11I51+ g(x) =0and liril g(x) = 0. As g(z) is positive for = € (0, 00), it must
r— xr—r+00

attain a global maximum at a critical point. Differentiating gives

g'(x) = 47" (In2)%(1 — z In4).

1

g = log, e < 1. The maximum value of

Setting ¢'(x) = 0 yields the unique critical point ag =
g is therefore
41—log e (1ln2 2 4
i U
2 In2 2e
as both factors are less than 1. This implies that the right-hand side of inequality (26.1) is also
less than 1 for all « > 0. Therefore, the function f is strictly increasing. A strictly increasing

glag) = ag4'~* (In2)

function can assume any given value at most once, so the solution x = 3 is unique. ]

<& <&

Solution to the Problem E2:
Plugging in = = y, we obtain

1) = f(o +2) = §1 = 51(@).
With z = 22 and y = x, we have
x) = f(2x +x) = f22)f(z) _ 3f(@)° _ 2 /() _1 x
JED=JCr 0= Fon 4 1) = Tw + 1@~ @) 37

We claim that for n € N, we have
1
fna) = = (@)

We prove the statement via induction over n. Having it clearly for n = 1, we assume that it
holds for some n € N. Then, plugging in x = nz and y = x:

fra)f(x) _ pf@?  3f@) 1

JOt D) =08 = o @) - G0 @ = nt

f().

Thus, we have f(nz) = 1 f(z) for all 2 € R%, and n € N. Replacing z by z/n:

1
f@) == (%),
and thus for all z € R} andn € N
(%) =nf)

Furthermore,

For each ¢ € Q7 , we have
1
fla) = -f(1).
q
Let us show now that f is monotone decreasing. Assume that =,y € R* with z <y. Then

f@)fly — =)

f(y):f(x'*‘y—x):m,

SO




giving the monotonicity.

Fix z( € R% . We approximate it by two sequences (¢, ), and (7,,),, of rational numbers, the first
one being strictly increasing approaching xy from the left, and the second one being strictly
decreasing approaching xo from the right. Then

1 1
—f(1) = frn) < f(z0) < f(an) = qff(l).
Taking the limit as n approaches 0 gives

f(xo) = —F(1).

Zo

So, all solutions are continuous.
We even can give all the solutions. Note that if c € R, then f(x) = £ is a solution:

flaty)=_—— ;
and ) )
F@f) _ w _ w
F@)+fly)  s+y EE wty
We are done. O
o o

Solution 2.:

We assume first that f is a solution of the equation (leaving it open for now whether the
solution is continuous). As the target does not include 0, the function g := 1/ f is well-defined.
Furthermore, it is clear that the target is R* as well. We have

1 @)
R T N TR

and to ease our mind, we note that the denominator does not vanish. Hence,

b = gly) + g()

5 T = 9(y) + g(=).

fly) ~ f@)

We want to show that g has to be continuous. First, we show that g(p/q) = pg(1)/q for p,q € N.
We start with arguing that g(n) = ng(1) for all n € N. We do so by induction over n. The claim
being trivial for n = 1, we assume that it holds for some n € N. Then,

glr +y) =

g(n+1) =g(n) +g(1) = ng(1) + g(1) = (n+ 1)g(1).
By induction, we see that for all n € N and a; € R for k € {1,...,n},

n

> glar) =g (g ak> :

k=1

Now, we show that g(1/n) = ¢g(1)/n for n € N, this is ng(1/n) = g(1) for all n € N. But, by the
above

n

ng(1/n) =3 g(1/m) = g (Z ;) = 9(1).
k=1 =1

k=

o(8)=o(350) -5 (1) = () -0

Next, we argue that g is monotone. For this, it is crucial that g does not attain negative values.
Let 2,y € R} with 2 < y. Then,

Finally,

g(y) =g(@+ (y— ) = g(x) + g(y — x) > g(z) + 0 = g(x).

Assume now that g is not continuous at some point zy € R*. We approximate it by two se-
quences (g, ), and (r,, ), of rational numbers, the first one being strictly increasing approaching

10



xo from the left, and the second one being strictly decreasing approaching xq from the right.
Thus,

ang(1) < g(x0) < rag(l),
and taking the limit, we see that g(xg) = x20g(1). In conclusion, there is some constant ¢ > 0

such that g(x) = cx for all € R. Hence, f(z) = % for some constant ¢ > 0, and f is thus
continuous. O

<. <

Solution to the Problem G1:
Yes, the answer is affermative. Let K, L, M be the midpoints of the sides of triangle AABC
(see the figure)

C

B

Figure 1: Figure to the Problem 33

The triangles AAKM, ABKL, and ACLM are the images of A ABC under homotheties with
a scale factor of %, centered at the corresponding vertices A, B, and C. Furthermore, triangle
AKLM is the image of AABC under a homothety with a scale factor of —%, centered at the
centroid @ of AABC.

Therefore, each of the small triangles can be covered by 2025 discs of radius 1, which are images
of the original discs covering AABC. Hence, the entire triangle A ABC can be covered by 8100
discs of radius 1.

O
o o
Solution to the Problem G2:
Lemma (39).1
For any linear subspaces V1, V2, V3 C R™ and (k,l,m): a permutation of (1,2,3) define

dy =dim VN (Vi + V) +dim V; N V,,,.
Equality dy = dy = d3 holds.
Proof: One can check, that the common value is
dp =dimV, NV, +dimV,NV,, +dimV;NV,, —dimV, NV, N V,,.
o

Using the lemma reformulates definition of matrix M in more symmetrical form
m; = dim(V; + V;) N U +dim V; N V.

Case V; = V;. Rows number i and j are equal, so det M = 0.

Case V; # V; for any i, j. Obviously V; +V; = R" and det V; NV; = n — 2 for i # j. So every
number out of the diagonal is equal & +n — 2.

k+n—-1 ifUCV
k+n—2 ifU¢ZV;
that precisely j of them fulfil U C V;, so every number on diagonal can be of those two forms
independently. But if there are at least two numbers k 4+ n — 2, then there are two equal rows,

Further m;;, = For any ; it is possible to choose V; in such a way

11



so determinant is 0.
Below, using elementary operations on rows shows how to get result. Let a = k +n — 2.

a+1 a a a 1 0 0 -1 1 0 ... O -1
a a+1 a a o1 ... 0 -1 0 1 0 —1
det | : ol =det |1ooo ol =det | = na+1;
a a a+1 a 0 0 1 -1 0 0 1 -1
a a a a+1 a a ... a a+l 0 0 0 na+l
a+1 a a a 1 0 0 0
a a+1 a a 0 1 0 0
det | 1o e p i=det| oo 1=
a a ... a+1 a 0 0 ... 1 0
a a a a a a ... a a
The possible results are: 0, k +n — 2, n(k +n —2) + 1. O
o S
Solution to the Problem P1:
We have _
E(€n|0n71> = E(€n|§n715 €n72a ce 761) = n2_
for n>1. On the other hand ¢,, = 7,,_1 + &,, hence
3
E(Gn|0—n71) =0p—1+ E(£n|0—n71) = io—nfl .
So E( ) ) )
Opn—1 13 3" 3n=
Ean(Enn_)ziszE o) = E(oy) = .
(€n) = E(Balrn-1) = =2 = 2 ZE(0n-2) = S —El00) =

Thus (all variables are non negative, so we can put out summation by Tonelli’s Theorem)
(oo} [ee] (oo}
&n E(n) 1 ( 3 ) n

which shows also that the series converges with probability 1. |

<. <

Solution to the Problem P2:

The problem can be modeled as a one-dimensional random walk on the set of non-negative
integers Z,{0,1,2,...}, where the position corresponds to Dirk’s distance (depth) from the
root. At any depth m > 0, the probability of moving one step closer to the root (so to the left)
isp= é, and the probability of moving one step further away (to the right) is 1 — p = 2=,
Let A denote the event of eventually returning to the starting point, and let A,, be the event
that the first return to the starting point occurs after n steps. Clearly, n must be even. To
derive the probability of A,,, we note that a path returning to the root for the first time at step
n = 2k must have spent the previous n—2 steps returning to the first node it visited, without
hitting the root, before taking the final step back to the origin. The number of such paths is
related to the Catalan numbers. Hence the probability of a first return at step n is therefore
given by

P(A,) = 0, n =0 or n is odd,
Y CropP = p)FY, n=2k k> 1.

The following lemma will be required.
Lemma (47).1

Let f(z) = Z Cpa™, where C,, is the n-th Catalan’s number. Then

n=0

1—-+1—-4z

fla) ==

and the series converges for |z|< 1.
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Proof: The proof uses the recurrence relation for Catalan numbers,
Cup1 =) CkCror.
k=0

It follows that

n

T

f@y?=>Y" (
n=0 \k

Since Cyy = 1, this yields the quadratic equation = f(x)? — f(z) +1 = 0 as Cy = 1. Solving it

1+v1-4 2
for f gives two potential solutions f(z) = 5 T e
— al

f converges at © = 0, which is only satisfied by choosing the negative sign. Thus

1—+v1—4x
2x '

Ckcn—k’> xn — Z Cn—‘,—lxn — M .
0

n=0

However, the function

flz) =
We can now calculate the total probability

P(4) =) P(4n) = icmp’“(l —p)*!
n k=1
:PZCn(P(l—p))" =pf(p(l—p)) = 1- \/m
n=0

Noting that 1 — 4p(1 — p) = 1 — 4p + 4p? = (1 — 2p)? yields

P(4)

o 1—(1-2p ﬁ, for 1 > 2p,
- 2(1-p) 1, for 1 < 2p.

1
In our case p = L where n > 2, therefore the probability that Dirk eventualy returns to the
starting point is

Remark
The other solutions based on recurrence has a fundamental flaw: they lead to a quadratic
equation of the form nP(A)? — (d — 1)P(A) + 1 = 0, which has two solutions, P(A) = 1 or

P(A) = 715. There is a precise mathematical argument to decide which of these two solutions
is correct, but I do not report it here.

O
o o
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